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Abstrak

Zingy-Math-Olympiad [ZMO] diadakan selama 13 tahun dengan total 2102 siswa kelas 3 (~
49,43% perempuan) dalam konteks seminar universitas tentang bakat matematika. Paritas gender
yang hampir tercapai dipastikan oleh persyaratan bahwa satu perempuan dan satu laki-laki per kelas
yang berpartisipasi harus dikirim ke ZMO sebagai perwakilan matematika mereka. Tugas, yang
bervariasi dalam tingkat kesulitannya, dibagi menjadi 7 rubrik: R1 tugas pengantar aritmatika
sederhana, R2 & R3 lebih menuntut tugas keterampilan aritmatika, R4 tugas yang dapat dipecahkan
secara kombinatoris, masalah kata R5, pola R6 dan tugas angka geometris, R7 tugas akhir.
Penampilan mahasiswa dalam seminar terdiri dari pengembangan set tugas dan evaluasi dengan
penilaian akhir penyelesaian tugas, semuanya berdasarkan penelitian dan diskusi tentang literatur
yang relevan. Sesuai dengan penelitian sebelumnya, terdapat kecenderungan anak laki-laki yang
berpartisipasi menjadi (sedikit) lebih unggul daripada anak perempuan yang berpartisipasi,
terutama pada penampilan puncak. Selain analisis tugas dan pemrosesannya, pertanyaan kunci
untuk masa depan adalah kemampuan kognitif mana yang memengaruhi faktor keberhasilan
pemecahan masalah matematika agar dapat mengatasinya secara khusus dalam pelajaran
matematika di langkah selanjutnya. Sejauh ini, hanya ada sedikit pendekatan untuk ini. *)

Kata kunci: pemikiran fungsional- / predikatif-logis, perbedaan gender, bakat matematika,

sekolah dasar, pemecahan masalah

Abstract
The Zingy-Math-Olympiad [ZMO] was held over 13 years with a total of 2102 third graders
(~49.43% girls) in the context of university seminars on mathematical giftedness. The almost
achieved gender parity is ensured by the requirement that one girl and one boy per participating class
should be sent to the ZMO as their mathematics representatives. The tasks, which vary in their
degree of difficulty, are divided into 7 rubrics: R1 simple arithmetical introductory tasks, R2 & R3
more demanding arithmetical skills tasks, R4 combinatorically solvable tasks, R5 word problems,
R6 pattern and geometric figure tasks, R7 final tasks. The students’ performance in the seminar
consists in developing task sets and the evaluation with final scoring of the task completions, all
based on research and discussions on relevant literature. In accordance with previous research, there
is a tendency for the participating boys to be (slightly) superior to the participating girls, especially
in the peak performance. In addition to an analysis of the tasks and their processing, a key question
for the future is which cognitive abilities are influencing factors for successful mathematical
problem solving in order to be able to address them specifically in mathematics lessons in a further
step. So far, there are only meager approaches to this.*)

Keywords: functional-/predicative-logical thinking, gender differences, mathematical giftedness,

primary school, problem solving

*) The present publication is an English translation including minor adaptations of a manuscript
accepted for publishing as Schwank, Inge (2020): Herausfordernde Aufgaben — 13 Jahre
Zwergen-Mathematik-Olympiade. In: L. Baumanns, J. Dick, A.-C. Séhling, N. Sturm & B. Rott
(eds.), Wat jitt dat, wenn et fadich es? Proceedings of the autumn conference of the GDM
working group problem solving in Cologne 2019. Minster: WTM.
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ZMO: ZINGY-MATHEMATICS-OLYMPIAD

In the city and district of Osnabriick, for 13 years the ZMO was conducted as a Mathematics Olympiad
for third graders as part of seminars on mathematical talent, primarily with students in elementary school
teaching. In order to address girls as well as boys and to involve a large number of the over 100
elementary schools in the region, it was decided as a condition of competition that one girl and one boy
per participating class should be sent as their math representatives. Each class had to submit a creative
math project that could be designed in many ways to fit the theme of the respective round (e.qg. fairy tales,
outer space, sports, the Middle Ages, underwater worlds), including crafts, books, games and theater
plays. All creative contributions were digitally processed and presented to the public on the Internet. The
best contributions were awarded, and children and teachers were invited to an award ceremony at the
University of Osnabriick. The math representatives of the classes met in groups of about 20 on a Saturday
morning in the second half of the school year. During the first years, the meeting was at the elementary
school hosting the Mathematics Olympiad. In the later years — due to the high number of participants —
meetings took place at the University of Osnabriick. During the meetings, the math representatives solved
math problems specifically created for each Mathematics Olympiad while university students monitored
the process and ensured the competitive conditions. Initially, persuasion was necessary to explain that
girls and boys alike are equally capable of taking part in a Mathematics Olympiad — instead of one girl
and one bhoy, teachers from their classes recommended two boys or one single boy — but in the long run,
no more discussions were necessary. Over the years, a total of 1039 girls and 1063 boys have
participated, i.e. a total of N=2102 third graders (~ 49.43% girls). All children received a certificate for
their achievements in completing the mathematical tasks, with increasing scores divided into bronze
(~40% of the children), silver (~40% of the children) and gold (~20% of the children). The diamond
category for 3rd, 2nd, 1st place for both girls and boys was awarded for special success. In addition to the
diamond certificate, the first-placed girl and boy received one of the two ZMO challenge cups during the
award ceremony with teachers and family members.

Two team members corrected and scored each completion of a task on the basis of a point distribution
determined by the team. A team of experts consisting of research assistants, experienced students and the
scientific management of the ZMO intensively reviewed and discussed the task completions of those girls
and boys whose points were among the top 30% of the points achieved until the scoring was finalized.

The highest scores in each of the 13 years were achieved by 10 boys and 3 girls. Moreover, fewer girls
than boys made it into the gold group. In the diamond group, the achieved points of the girls were on
average around 92.5% of those of the boys, in the top 20% 93.6%, respectively. Given the social focus on
and tendency to admire the very best, there is certainly still a need for educational work and a more
comprehensive investigation of the reasons. It may be necessary to reconsider the ranking of places,
which suggests greater differences than the associated differences in performance (measured in point
differences).

Table 1 gives a first impression of the differing performances of boys and girls in the seven different task
rubrics. R1 are simple arithmetic entry tasks, R2 & R3 are more demanding arithmetic skills tasks, R4 are
combinatorically solvable tasks, R5 are word problems, R6 are pattern and geometric figure tasks, R7 are
final tasks. Examples are presented in the following section.

Table 1. Balance from 13 years: Point mean values [P-MV] by gender in the rubrics R1-R7 and respective
percentage of girls' P-MV.

Rubric Boys® P-MV Girls* P-MV Percentage Girls* P-MV
R1 29,08 29,26 100,60
R2 25,32 21,24 83,88
R3 23,34 22,28 95,47
R4 19,27 20,84 108,15
R5 24,27 20,68 85,21
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R6 18,52 18,62 100,54
R7 17,38 17,84 102,62

Statistical evaluations using SPSS 26 substantiate the differences with regard to rubrics 2, 4 and 5. In the
following, the results are given with regard to:

C-GB: Comparison of all girls & boys across all rubrics and all years
C-GB-20: Comparison of best 20% each across all rubrics and all years
C-GB-R: Comparison of all girls and boys to rubrics across all years
C-GB-R-20: Comparison of best 20% each to rubrics across all years

Analyses with the Kolmogorov-Smirnov and Shapiro-Wilk test revealed that the individual scores per
task (1-10) as well as the individual total scores are not normally distributed (p < .001 for all variables).
Therefore, Mann-Whitney U-test was calculated for the comparisons above.

e C-GB: In terms of total score, there was no significant difference between girls and boys in the
overall sample (p = .171, Mgins = 32.88, SD=11.41, Mpoys = 33.85, SD = 12.43). However, the
large SD value is noticeable.

e C-GB-20: On the other hand, a significant difference could be found for the best 20% (p < .001,
Myginis =49.80, SD=5.89, boys =52.80, SD = 5.61).

e C-GB-R: Significant differences were found in rubrics 2, 4 and 5
(rubric 2: p <.001, Mgins = 2.77, SD=2.63, Mpoys = 3.22, SD=2.77,
rubric 4: p < .05, Mginis = 3.73, SD=1.85, Mygys = 3.49, SD = 2.05,
rubric 5: p < .05, Mgins = 1.99, SD=2.24, Myqys = 2.56, SD = 2.13).

e C-GB-R-20: Significant differences can be seen in rubric 5 (p < .05, Mgin = 4.65, SD = 2.24,
Mboys = 5.15, SD = 2.11). The striking feature of this rubric 5, the world problems, is remarkable.

The results caused early discussions. Girls can be superior to boys in mathematics as well as the other
way around, but the proportions are not balanced. This poses a challenge for mathematics lessons in
elementary school: How can children, especially girls, be even supported more thoroughly in the
development of their mathematical thinking, especially their arithmetical thinking? Here, the ability to
think means being able to independently come up with an idea and not just to apply what they have
learned. Impairments make attempts to solve problems more difficult.

In view of the results, there has been constant reflection on how the gap in the performance of girls and
boys could possibly be reduced specifically by thoroughly analyzing the tasks at stake and the issues they
cover. Valuable contributions to this are especially owed to ElImar Cohors-Fresenborg, Johann Sjuts and
Lisa Hefendehl-Hebeker. In the end, we were not yet able to develop and implement a sustainable
solution. However, we are convinced that it makes sense to strengthen children's functional-logical
thinking more explicitly (for more information see the section 'Future Perspectives'). Arithmetic is the
core component of elementary school mathematics lessons, so it is not surprising that many of the ZMO
tasks, including word problems, require arithmetic thinking. To understand and to cope with arithmetic
relations, a good orientation in the number space is necessary, which is based on the arithmetic relations
between numbers. In basic mathematical research and philosophy, it has been established that the basis of
natural numbers is the formation of successors, and thus a central aspect of numbers is their construction
history (see e.g. Cassirer, 1910, Dedekind, 1969/1887, Frege, 1977/1884, Gowers, 2002, Natorp, 1910,
Meschkowski, 1969). In addition, an understanding of the written decimal notation was developed. As
yet, there are hardly any math learning tools that can be used to make a seamless, direct transition from
the action with these to the formal decimal notation, so that arithmetic thinking is particularly required
(but see Gallin 2012, Schwank 2013). The essence of the construction of natural numbers (Dedekind-
Peano axioms) in combination with their notation by means of the decimal notation form the basis of
arithmetic. In both cases, construction processes play the central role, for a sustainable arithmetic
understanding, these processes must be mastered cognitively.

Overall, little mathematical formalism is still available in elementary school, so that structural-content-
based thinking based on enactive and iconic forms of representation in the sense of Bruner (1973/1964) is
significant. In addition, there is the verbal-conceptual explanation using a representative example in the
sense of Hefendehl-Hebeker (2001), from which a propaedeutic for elementary algebra emerges, thus
providing a link between arithmetic and algebra. Mathematics lessons in primary school thus serve as an
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essential basis for the development of advanced mathematical thinking. Also, in order to display traces of
an emerging algebraic thinking more noticeably, many of the ZMO-tasks explicitly contain a justification
part.

TASK OVERVIEW ACCORDING TO RUBRICS

The tasks used are compiled in Schwank (Language versions: 2014/German, 2016/English,
2017/Indonesian, 2019/Chinese, 2020/Persian). They were inspired by task material from schoolbooks for
mathematics lessons in grades 3-5 as well as relevant works, e.g. Mathe fir kleine Asse (Maths for Little
Geniuses, Képnick, 2001) or Math Olympiad Contest Problems for Elementary and Middle Schools
(Lenchner, 1997).

The ZMO tasks fall into seven different rubrics. The design is based on the respective framework topic
for the creative mathematics contributions. The aim was always to give the children a pleasant start into
the Mathematics Olympiad. For this purpose, an introductory task was worked out together with the
children, the first tasks — such as number sentences — were rather easy to solve, the two most challenging
tasks were well allocated and the last task was an enjoyable ending, such as finding a way through a
labyrinth.

Rubric 1: Attentive Calculation

This rubric includes tasks for addition and subtraction, including the handling of errors, arithmetic
strategies and calculating with yet unknown numbers. An example is the examination of the given
calculation 287+423=600, which was discussed in Schwank (2013). Only few boys stood out since they
showed an orientation in the number space by recognizing — instead of simply calculating and judging the
presented result on the basis of the self-determined result: 600 is already reached with 200+400, therefore
the result cannot be correct.

Another example is shown in Figure 1. This is an introductory task that deals with the smart calculation of
the sum of 127 and 398. On average, both girls and boys achieved 3.4 points. The calculation method
used here is the method of written addition, which the children learn during the 3rd grade.

Rechne besonders schlau ! Wie kann man besonders schlau rechnen ?
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Figure 1. Example of a completion of an introductory task for the Mathematics Olympiad from rubric 1
Left: Calculate especially clever! Right: What are especially clever ways of calculating? If you calculate
among each other. Because then you have smaller number sentences, so to say, and can make carries.

Rubric 2: Number and Arithmetic Operation Riddles

This rubric includes tasks where missing numbers or arithmetic operations have to be found, as well as
number sentences, which are laid with matches and the recognition of number patterns. The task, which
natural numbers fulfill the equation [ - <& = 2, is discussed in Schwank & Nowinska (2008). How do
children succeed in looking at the infinite number of possible number pairs and capturing them with
arguments? Again, the way some boys find their way around the number space is noticeable. The children
sometimes only name specific examples of numbers, but one boy, for example, writes "Susi could do: 3-
1=2, 4-2=2 and up to o - almost oo = 2:" or another (in generalization of the task): "The numbers always
have to be as much apart as the result". Initiated algebraic thinking is obvious.

Figure 2 shows the completion of a task that was decisive for one of the top places. The three first-placed
girls achieved a total of 3 points (1.5; 1.5; 0), the three first-placed boys 16 points (5; 5.5; 5.5). All in all,
the average score of all 71 girls was 0.27, that of all 72 boys 0.73. The missing points at the maximum
score of 6 points are due to the fact that 6 boys (none of the girls) were able to complete the task
completely correctly, but none of them formulated a complete explanation for it.
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TIn der Dschungelschule sind die Rechenaufgaben heute ganz besonders
dargestellt. Finde heraus, fiir welche Ziffer jedes der Tierbilder steht!
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Figure 2. Example of a successful completion of a challenging task from rubric 2. The guiding idea is the
reachability of numbers.
Task: In Jungle School, the number sentences are presented in a very special manner. Find out which digit
is represented by each of the animal pictures.
Solution: Since the ones down there are always lions, it has to be the 0, because just 0+0=0-the the 0 +
itself adds up to itself. The first column has just platypuses in the back, except from the result which is 0,
so the platypus has to be the 5. And so, | continued calculating until all animals had a number.

Rubric 3: Arithmetic Regularities

This rubric includes tasks for continuing numerical series as well as addition and multiplication tasks with
special properties. In a sequence of the continuation of the series 4, 6, 9, 13, 18, ... 4, 6, 10, 18, 34, ... 3, 6,
5, 10, 9, ... the girls scored on average half a point less than the boys (among the 105 girls: 10.48% full
score, 4.76% zero points; among the 115 boys: 14.78% full score, 1.74% zero points).

Another example task is shown in Figure 3, where the girls scored an average of 2.68 points and the boys
2.90 points. Here, the number sentences have to be put into relation to each other. It would be possible to
recognize that the results belong to the 3 times multiplication table. The question is whether this always
applies in the case of the given common structure of the number sentences or also how the additive
calculation can be reinterpreted to a different calculation. In the illustrated completion of the task the boy
concentrates on the procedure of the calculation and gives as example that instead of calculating 2+3+4
also the calculation 3x3 is possible, namely by giving one from the 4 to the 2. He still lacks the
expression for taking this specific task as a representative example of the general validity of the context.
Therefore, he tries to generalize the formulation of the task in the last part of the task: If such a number
sequence has a mean number, then the numbers can all be balanced to this mean number and a
multiplication task emerges. He does not specify this in more detail, but the statement 5x7 can be
interpreted as resulting from 5+6+7+8+9 or 2+3+4+5+6+7+8.
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Lena hat sich einige Rechenaufgaben ausgedacht. Rechne sie aus !

2+ 3+ 4= 9
4+5+6=175

6 +7 +8=717

2[1]+[2[2[*[2[3]=6 |6

Lena hat sich besondere Rechenaufgaben ausgedacht.
Wie hat sie ihre Zahlen gewdhlt ?
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Lena stellt fest, dass die Ergebnisse zu ihren Rechenaufgaben besondere
Zahlen sind. Was ist das besondere an ihren Ergebnis-Zahlen ?
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Warum werden die Ergebnis-Zahlen so besonders ? Klappt das bei vielen
oder sogar bei sehr vielen solcher Rechenaufgaben ?
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Figure 3. Example of a successful completion of a task from rubric 3.
Problem section 1: Lena thought up some number sentences. Solve them!
Problem section 2: Lena thought up very special number sentences. How did she choose her numbers?
Lena has always thought up a numerical series.
Problem section 3: Lena notices that the results of her number sentences are very special numbers. What
is special about her result numbers?
If you give one from the 4 to the 2, they are all 3s. 3x3=9
Problem section 4: Why do the result numbers become so special? Does this work with many or even a
lot of these number sentences?
In a numerical series, in which there is a mean number, you can always take something away from the
larger number and add it to a smaller number. Then it always adds up to the mean number and you can
calculate, for example: 5x7.

Rubric 4: Operating with Options

This rubric covers combinatorial tasks, so one has to find appropriate arrangements, search for different
possibilities, or even find out all possibilities.

Figure 4 shows an example of the completion of a task. The iconic design of the objects to be put into a
combinatorial context is noticeable. The text of the task explicitly indicates the characteristic difference
(red, blue, yellow) only for the pants, for the sweaters and pointed caps it is designed imaginatively, e.g.
for the sweaters: red cross-striped, blue dotted, green wavy, yellow diagonally striped. With an average of
1.82 points, the girls scored slightly better than the boys, whose average is 1.73 points (among them, from
88 girls 0% full score, 11.36% zero points, from the 94 boys 2.13% full score, 17.02% zero points).
Losses of points resulted from wrong approaches or comparatively insufficient justification or clarity of
presentation.
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Zwerg Baku iiberlegt, was er zum Fest anziehen kénnte.
Er hat vier verschiedene Pullis,

eine rote, eine blaue und eine gelbe Hose
sowie zwei verschiedene Zipfelmiitzen.

Zwerg Baku méchte auf jeden Fall einen Pulli,
eine Hose und eine Zipfelmiitze anziehen.
Dafiir hat er viele Maglichkeiten.

Wie viele sind es genau ?
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Hier ist Platz fiir deine Begriindung.
Rechne, zeichne oder schreibe etwas auf.
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Figure 4. Example of a successful completion of a task from rubric 4
Problem section 1: Dwarf Baku wonders what he can wear to the party. He has four different sweaters,
one pair of red, one pair of blue and one pair of yellow trousers as well as two different pointed hats.
Dwarf Baku definitely wants to wear one sweater, one pair of trousers and one pointed hat. For this he has
many options. How many are there exactly?
He has 24 options.
Problem section 2: Some space for your explanation. Calculate, draw or write something down.

Rubric 5: Word Problems

This rubric covers tasks, where one, two or even more unknown quantities have to be found. It deals with
areas, paths and distances, further about the overview of temporally interwoven relations, including
situations with the characteristic 'the more, the more' or 'the more, the even more' and finally about
multiplicative relations and exploration of if-then-relations.

Figure 5 shows the completion of one of these tasks of which the completion was decisive for reaching
one of the top positions. It is remarkable that the backward calculation to determine the number of birds is
successful and the calculation is controlled, both for individual calculation steps (results are corrected) as
well as with regard to the overall concept (forward calculation as a check). None of the 70 girls were able
to solve this task, therefore all receiving zero points. The 72 boys received an average of 0.31 points
(including 4.2% almost full points, 93% zero points).
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Auf einem groBen Urwaldbaum sitzen viele Vagel %
mit ihrem Anfiihrer Logi. Auf einem Nachbarbaum

sitzen die beiden Schimpansen Pa und Pu. Pa ruft zu E \

den Vageln: "Hallo ihr 200 Vdgel ! Logi antwortet: “

"So viele sind wir nicht. Aber wenn du zu unserer | L
Anzahl das Doppelte hinzufiigst und euch beiden .
mitzdhlst, dann waren wir 200 auf diesem Baum.” . v

Wie viele Vigel sitzen auf dem Baum ? A fg

Hier ist Platz fiir Deine Uberlegungen.
Rechne, zeichne oder schreibe etwas auf.
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Figure 5. Example of a successful completion of a challenging task from rubric 5.

Problem section 1: Upon a large jungle tree, many birds are sitting together with their leader Logi. On a
neighboring tree the two chimpanzees Pa and Pu are sitting. Pa calls out to the birds: “Hello you 200
birds!” Logi answers: “We are not that many. But if you add to us the double of our number and also

count the two of you, then we would be 200 on this tree.”
How many birds are sitting on the tree?
Problem section 2: Some space for your thoughts. Calculate, draw or write something down.

Rubric 6: Figurative Patterns

This rubric deals with the recognition and continuation of patterns, the examination of patterns, the
number of squares and rectangles, area determination, scaling up, spatial imagining and finally figures to
be cut out of a folded piece of paper.

Figure 6 shows a task in which the children could be active, a figure is to be cut out. To loosen up, it was
usual to provide such an activity task during the ZMO (except cutting e.g. placing matches or coins). The
folded sheet was part of the task papers. The children were asked to bring scissors with them and there
were enough spare scissors available. The girls achieved an average of 2.25 points, the boys 2.20 points.
In fact, it is not easy to cut out an object that comes close to a circle. In the given case it becomes clear
that the child has the imagination to see an unfolded crescent in the circle to be created.
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(8] Schneide in das gefaltete Blatt eine Form so aus, dass nach
dem Aufklappen in dem Blaft ein Kreis ist. Uberlege gut. Nach \

dem Aufklappen darfst du nicht nochmal schneiden. \(
Gib einen Tipp! Auf was muss man beim Schneiden aufpassen, @

damit wirklich ein Kreis entsteht? .
D wanlt._aphon wesder Spun Aalhict b s don,

Figure 6. Example of a successful completion of a task from rubric 6.
Task: Take a folded piece of paper. Now cut out a figure in such a way that you see a circle when
unfolding the paper. Think carefully. You may not cut again after unfolding.
Give a hint! What is important while cutting in order to get a circle as a result?
Solution: You have to see how the circle looks like halved, and then it looks like a crescent and then you
just have to cut a crescent on the folded side and unfold it.

Rubric 7: All’s well that ends well

Taking part in an Olympics is exhausting. Just as the children should be well introduced to the ZMO with
the introductory task, they should also be well released with a relaxing task, typically a labyrinth task
similar to the one shown in Figure 7. Task completion also involves dealing with the task. Interesting here
are the children's means of expression. In the present case, the child uses iconic representations in
addition to answer sentences to make it clear how he or she imagines making the given labyrinth more
difficult or easier.

Finde den Weg zum Schatz |
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Figure 7. Example of a successful completion of a task from rubric 7.
Problem section 1: Find the path to the treasure!
The blue path is right.
Problem section 2: How can one design the maze easier or more complicated?
it would be more difficult if you had to drive around first.
it would be easier if you could drive straight ahead, then turn right.
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FUTURE PERSPECTIVES —JOURNEY INTO THE FUTURE

Mathematical thinking and problem solving is a highly complex terrain that has not yet been understood
completely from a cognitive perspective. In particular, it is unclear what exactly could be the causes of
differences in problem solving between girls and boys or also which conditions promote successful
problem solving. Orientation is provided by publications on gender-specific differences, many of which
are now available — for a first overview see e.g. Becker et al. (2007).  In this section we want to
investigate an important aspect — this in accordance with the above explanations of the meaning of
construction processes as a starting point for the foundation of natural numbers and thus of arithmetic. For
this we consider a QuaDiPF-task for deductive logical thinking, whose format goes back to Spearman
(1904). We have to consider which figure that is missing in the lower right-hand corner can suitably
complete a 3x3 arrangement of the so far eight figures. For an example see Figure 8 (Schwank, 1998,
2003).

Figure 8. Left: Example of a QuaDiPF task.
N NXXN N XX N
N KANAKARNARNK

7> 7 Ly /R

Middle: predicative-logical analysis. Right: functional-logical analysis.

It is remarkable that a well-fitting solution figure can be determined using two very different approaches.
In a predicative-logical analysis, the given figure arrangement is given structure by recognizing common
elements, which can then be used to assume a solution figure: In this case the 'diagonals' on one hand
remain the same line by line (black lines) and on the other hand column by column (grey lines). Thus, the
solution figure results as a composition of the 'diagonals' to be considered as equal in the last row and
column. In a functional-logical analysis, the elements connecting the figures are actions, which cause the
figures to emerge from each other in a temporal sequence: Line by line, first the upper right line is
rotated, then the lower left line. Column by column, this happens first with the upper left line, then with
the lower right line. The solution figure results from applying this change process to the original figure in
the last row or column. In the predicative-logical case, the core of cognitive reasoning is the engagement
with the static structural elements, in the functional-logical case, the engagement with the dynamic
construction processes. The ability to functionally and logically manage conditions is obviously useful to
find one's way sensibly into the number space given by the natural numbers: By suitable constructions
you can get from given numbers to others, by means of constructions relations between numbers can be
made. From the beginning it became apparent that boys tend more to functional-logical analysis than girls
(Schwank, 1994).

This finding harmonizes with known research results and places functional- or predicative-logical
thinking in the context of other constructs examined. Three such results are discussed here:

N RN X

N

(1) Mental rotation: In the original version, two-dimensional drawings of three-dimensional cube
chains are to be examined to determine whether they are different or the same cube chains that
are merely rotated differently in space or (additionally) mirrored (Shepard & Metzler, 1971).
This task format has become famous not only because it provides evidence for cognitive
language-independent performance, but also because numerous studies have shown highly
significant differences in performance in favor of men compared to women (e.g., VVoyer, Voyer,
& Bryden, 1995; on more recent aspects with variations in task presentation see e.g., Fisher,
Meredith & Gray, 2018). A limited capa-city for mental rotation makes the functional-logical
analysis of a QuaDiPF-task as shown in Figure 8 difficult. This is an example of the
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decomposition of the ability for functional-logical thinking into its sub-components or basic
cognitive skills necessary for it.

(2) Different playing behavior: The development of cognitive abilities is (besides e.g. genetic
predispositions) experience dependent. Research indicates that the cognitive development of
boys, at least in one relevant area, playing behavior, is bound to different experiences than that
of girls starting from an early age (see e.g. Ruble, Martin & Berenbaum, 2006): This is not only
expressed in significant findings regarding the preferred choice of toys that are used: e.g.
transport vehicles, balls in the case of boys; dolls, puzzles in the case of girls — but also in play
practice: e.g., games with increased physical activities (such as romping, scuffling, climbing) in
the case of boys; physical activities restricted to a smaller space (such as dollhouses, dolls'
kitchen games) in the case of girls, with a comparatively increased verbal component. It remains
to be further investigated how certain activity experiences affect cognitive abilities. With regard
to the development of functional-logical thinking, a special focus should be placed here.

(3) Language skills: There are numerous studies that show a difference in favor of women (see e.g.
Ullman, Miranda & Travers, 2007). Among other things, it is assumed that women benefit from
declarative memory, while men benefit from procedural memory. Regarding the QuaDiPF tasks
it is noticeable that functional-logical analyses often use deictic language without a closer
linguistic grasp of the objects being treated (that happens with this one) while predictive-logical
analyses use words like containers in which similar objects are collected (set formation, use of
terms like: these diagonals). The constructor of the above example QuaDiPF task (Fig. 8), for
which the lines of the initial figure simply fold over to form a flat figure, was surprised to note
that at first glance, Johann Sjuts identified the invariance of the diagonals of the individual
figures as an element manifesting structure.

Dealing with gender differences is a delicate matter. Nevertheless, we do see a need to pay more attention
to the diversity of children in general. In the future, the challenge will be to explore the individual
cognitive foundations of mathematical thinking and problem solving more intensively and thus to work
towards making the address-oriented, instructional development of these skills even more successful.
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